Introduction {#Sec1}
============

A quantum bit, known as qubit, is a two-level coherent system \[[@CR1], [@CR2]\]. A qubit can store quantum information for use in quantum computing, quantum communication, sensing, etc. \[[@CR1]\]. Over the past decades, there have been proposals for physical realization of a logical qubit including cold atoms, polarization of a single photon and spins. What is common between all of these physical systems is that there always exist some undesired couplings with their environment, which manifest themselves as a noise process on the system of interest. These undesired couplings shorten both relaxation time and coherence time of a qubit that is equivalent to losing quantum information.

One of the approaches for protecting the quantum information is to encode it in such a way that the logical qubit is not affected by noise in the first place. In fact, the notion of decoherence free subspace or noiseless subsystems have been developed, where the information is encoded in a particular part of the Hilbert space so as to have noise immunity \[[@CR3]--[@CR5]\]. For example, when the logical states of a qubit are considered as the actual physical states of a spin half particle, one should expect both X-noise (spin flip) and Z-noise (dephasing) which corrupt the information \[[@CR1]\]. But, if one considers a group of spins, there are other degrees of freedom rather than the spin magnetization that can be used as a logical basis that is protected against majority of noise processes \[[@CR6]\].

Nuclear magnetic resonance (NMR), owing to its long history, has been among the first physical candidates to experimentally demonstrate the quantum information and error correction algorithms \[[@CR7]--[@CR10]\]. We investigate an NMR implementation of a noiseless logical qubit that is created by using the collective properties of a group of three indistinguishable spins. In particular, we consider a methyl group, which consists of a carbon symmetrically bonded to three protons, and show that the group of protons can serve as one logical qubit that is protected against collective noise.

Since the early age of NMR, the molecular motion and the spin properties of methyl groups have been studied both theoretically and experimentally \[[@CR11]--[@CR14]\]. Methyl groups have been used for experimental demonstration of classical states with long relaxation times that are known as long-lived state (LLS) \[[@CR15], [@CR16]\]. In this report, we show that LLS can be used as an initial step for implementing a coherent superposition of logical basis states. In particular, we analyze the symmetry of the internal rotation and the spin Hamiltonian of methyl groups using a more modern mathematical language which may benefit both the NMR community and the quantum information community. We then use that symmetry analysis to propose a practical way of converting LLS into a logical qubit that can be used for storing quantum information and is immune to collective noise.

There is a challenge for accessing the noise protected logical basis of methyl groups. We show that the noise immunity is due to the spin symmetry of indistinguishable spins and the indistinguishability of spins results in the degeneracy of the subspace of interest. As a result, the logical states are not individually accessible. Nevertheless, we take advantage of the molecular symmetry and the microwave spectroscopy technique \[[@CR17]--[@CR19]\] to propose an experiment that leads to populating and controlling the noise protected subspace of methyl groups without breaking the degeneracy.

In particular, we show that there is a symmetry correlation between the rotational degree of freedom and the spin degree of freedom due to Pauli exclusion principle. This space-spin correlation suggests that one can populate the noiseless logical states, albeit directly inaccessible due to their degeneracy, by controlling the other degrees of freedom such as rotational motion. We use a symmetry argument based on the group theory to derive the allowed transitions under an electric field irradiation and conclude that an interaction with a *right* or *left* circularly polarized microwave filed results in populating the logical *zero* or *one* states individually without lifting their degeneracy. Moreover, we show a delicate control of the intensity and phase of the applied field can lead to implementing the logical gates. Therefore, we demonstrate a proof-of-principle experiment to use methyl groups for implementing one logical qubit that has a long relaxation and coherence times.

In Sect. [2](#Sec2){ref-type="sec"}, we define the logical qubit for methyl groups by looking at the permutation symmetry and the spin Hamiltonian of three indistinguishable spins. Then, in Sect. [3](#Sec5){ref-type="sec"}, we study the internal rotational motion of $\documentclass[12pt]{minimal}
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                \begin{document}$$CH_{3}$$\end{document}$, also known as a *rotor*, followed by Sect. [4](#Sec7){ref-type="sec"} that argues the symmetry of the total wavefunction. Given this symmetry analysis, Sect. [5](#Sec8){ref-type="sec"} seeks for novel means of accessing and controlling the noise protected subspace using the microwave irradiation, leading to preparation and manipulation of one logical qubit.

Logical qubit in methyl groups {#Sec2}
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Three indistinguishable spins {#Sec3}
-----------------------------
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Spin hamiltonian of a methyl group {#Sec4}
----------------------------------

In the presence of a magnetic field and in the absence of any chemical shift anisotropy (CSA) and/or any dipole-dipole interaction (DD), the spin Hamiltonian of the three protons in a methyl group is$$\documentclass[12pt]{minimal}
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                \begin{document}$$[H_{\text {spin}}, \hat{ P }_{\pm }]=0$$\end{document}$. This commutation relation implies that spin Hamiltonian preserves the symmetry label, *s*. Therefore, at relatively high field, where the DD couplings and/or the CSA are negligible and for a noise model that the methyl group interacts symmetrically with the environment, neither the environment nor the local spin Hamiltonian in Eq. ([7](#Equ7){ref-type=""}) breaks the cyclic permutation symmetry. Thus, a methyl groups is a candidate for storing one logical qubit that exhibits long relaxation and decoherence times because it is immune to all collective noise.

However, there is a delicate point here that prevents us from doing so. In one hand, the protection against collective noise has its roots in the indistinguishably of spins which allows us to consider the symmetry label $\documentclass[12pt]{minimal}
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                \begin{document}$$|\bar{1} \rangle $$\end{document}$ are not accessible individually. When the logical basis states are not individually accessible, implementing any arbitrary logical qubit is not feasible. Nevertheless, in the following we show that it is possible to populate these degenerate states individually without breaking the cyclic permutation symmetry. We propose to use other degrees of freedom of methyl groups, such as internal rotation, to indirectly access and control the degenerate subspace of the spin degree of freedom. Thus, in the next section, we review the symmetry of the rotational degree of freedom of a methyl group.

Internal rotation of methyl groups {#Sec5}
==================================

This section considers the internal rotation or the *torsional* degree of freedom of a methyl group which has been extensively studied in the literature \[[@CR11]--[@CR14]\]. Idealistically, a methyl group is a *free rotor* that is a rigid body *freely* rotating around the *z* axis and its Hamiltonian is simply the *z* component of the total angular momentum,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ is conventionally defined as the azimuthal angle between a proton and a reference axis in the molecular framework. The eigenfunctions of this free rotor are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{e^{ \pm i l \varphi }}{\sqrt{2}} $$\end{document}$ with corresponding eigenenergies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{l} = \frac{\hbar ^2}{2 I_{0}}\ l^{2}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \in \{ 0, \pm 1, \pm 2, \dots \}$$\end{document}$. The constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F= \frac{\hbar ^2}{2 I_{0}}$$\end{document}$ is referred as the *free rotor energy* constant.Fig. 1Ethane hindering potential: The barrier height is the amount of energy that is required to move from the staggered configuration to the eclipsed configuration

Realistically, a methyl group in a symmetric top molecules like $\documentclass[12pt]{minimal}
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                \begin{document}$$X-CH_{3}$$\end{document}$ does not rotate freely due to the existence of a *hindering* potential which is imposed by the rest of the molecule as well as other external molecules[1](#Fn1){ref-type="fn"}. In ethane, for example, the molecule prefers to be in the staggered configuration rather than the eclipsed configuration \[[@CR21]\]. The amount of energy that is required to move from one configuration to another defines the height of the hindering potential or the *barrier* (Fig. [1](#Fig1){ref-type="fig"}). Therefore, in addition to the free rotation term, there is an extra potential that affects the rotational motion \[[@CR14]\],$$\documentclass[12pt]{minimal}
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In the *firm rotor* limit or a rigid rotor with extremely high rotational barrier, the motion along the $\documentclass[12pt]{minimal}
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In non-extreme cases, where the methyl group is neither a free rotor nor a firm rotor (harmonic oscillator), we solve the Schödinger equation numerically and plot the eigenenergies as a function of a parameter $\documentclass[12pt]{minimal}
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Each molecule has a certain geometry and mass and so has a certain free rotation energy, *F*. It also has an associated hindering potential with specific barrier height, $\documentclass[12pt]{minimal}
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Table [2](#Tab2){ref-type="table"} lists some examples of chemical compounds with their corresponding barrier heights, free rotor energy constant and the splitting of the ground state $\documentclass[12pt]{minimal}
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The symmetry of the torsional states {#Sec6}
------------------------------------
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An alternative approach for finding the torsional eigenfunctions is to treat $\documentclass[12pt]{minimal}
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The threefold symmetry potential that hinders the methyl group's rotation around the symmetry axis can be considered as $\documentclass[12pt]{minimal}
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The overlap between the wavefunctions of two wells provides a qualitative and yet informative description of the torsional eigenenergies. The symmetry of each well/harmonic oscillator's wavefunctions changes from the *n*th level to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ A, E_{\pm }\}$$\end{document}$ is not valid any more, because the no-hybridization assumption breaks. Indeed, if the torsional energy is high enough, the barrier is not effective any more and the methyl group behaves like a free rotor. This symmetry analysis is consistent with the numerical result presented previously.

Now that we have some understanding of the spin symmetry, the torsional symmetry, respectively, we proceed to the argument of the symmetry of the total wavefunction and the correlation between the spatial space and the spin space. One may take advantage of this correlation to create a noise protected qubit.

The symmetry of the total wavefunction {#Sec7}
======================================

We are interested in the solid phase of $\documentclass[12pt]{minimal}
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                \begin{document}$$X-CH_{3}$$\end{document}$ molecule, where the translational and external rotation of this *rigid* body or its center of mass is negligible. Excluding the spin degree of freedom, a methyl group has rotation, vibration and electronic degrees of freedom that are known as Rovibronic for short. At low temperature (solid phase), the external rotational and translational motion are negligible and it is a fair assumption to consider a fixed molecular framework in which the nuclei rotate and/or vibrate near their equilibrium locations relative to a fixed origin (center of mass). Since electrons are much lighter than nuclei, an electron is much faster than a nucleus, and thus, its corresponding energy is very larger than the nuclear energy. This justifies the Born--Oppenheimer approximation \[[@CR27], [@CR28]\] that is commonly used in the quantum chemistry to effectively separate the wave function into an electron part and a nuclear part, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{e} \otimes \psi _{n}$$\end{document}$. In this approximation, one can treat the nuclei at a fixed geometry or in certain configurations in space with a slow motion and solve the Schrödinger equation for the electron wavefunction only, yielding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _{e}$$\end{document}$ which is derived in the nuclear coordinates. In the second step, for each electron state, the nuclear wavefunction is obtained by including an effective potential in the Hamiltonian that serves as a replacement for each electron wavefunction. Indeed, in each electronic level, there is a set of eigenenergies for the nuclear spins.

Further, we need to consider the rotation--vibration part of the wavefunction. In general, the rotation and the vibration are not two independent degrees of freedom, but we might still be able to treat them separately. The vibrational energies are normally in the order of 1000 cm$\documentclass[12pt]{minimal}
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Considering the above approximations, the electronic, the vibrational, the rotational and the spin degrees of freedom are treated independently and the total wave function is written as a product of them,$$\documentclass[12pt]{minimal}
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For fermionic systems, the total wavefunction of three identical particles must be invariant under the $\documentclass[12pt]{minimal}
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Note that an implicit approximation is considered here. When a methyl groups is rotating in the presence of a hindering potential, the three protons are no longer perfectly indistinguishable to the environment, and hence, the spin Hamiltonian in Eq. ([7](#Equ7){ref-type=""}) and the corresponding spin eigenstates are an approximation. But as a first-order approximation, we treat them as identical spins.

Accessing the noise protected subsystem of methyl groups {#Sec8}
========================================================

The proposed experiment for encoding one logical qubit into the noiseless subsystem of a methyl group consists of two phases. First, we show that at cryogenic condition and at *low field*, where the spin Zeeman splitting is much smaller than the torsional ground state energy splitting, the thermal equilibrium state is highly populated in the $\documentclass[12pt]{minimal}
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Long-lived state by thermal means {#Sec9}
---------------------------------

*Long-lived state* (LLS) refers to those states that have an imbalance of population between different symmetry subspaces and have been experimentally studied in methyl groups by \[[@CR13], [@CR15], [@CR16]\]. LLS exhibits long relaxation times because they are polarized in terms of the symmetry label which is immune to the collective noise. LLS is considered as classical protected states because there is no coherence term between different symmetry subspaces. In the following, we review how an LLS in a methyl group can be implemented just by thermal means and discuss why this state is not capable of storing quantum information. We later use the LLS as an initial state that can be converted to a logical qubit.
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We show how to populate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_{LLS}$$\end{document}$ by thermally cooling a methyl group. Consider an intermediate rigid rotor in the presence of a magnetic field with torsional eigenfunctions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi _{\lambda , n}$$\end{document}$ and spin eigenstates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s, m\rangle $$\end{document}$. As discussed in Sect. [4](#Sec7){ref-type="sec"}, for a fermionic system, the product of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi _{\text {tor}} \otimes \psi _{\text {spin}}$$\end{document}$ must be symmetric under the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{2 \pi }{3}$$\end{document}$ rotation, which narrows the allowed combinations of the torsional eigenfunctions and the spin eigenstates to those with symmetry labels $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \times s \in \{ A \times A, \ E_{\pm } \times E_{\mp }\}$$\end{document}$. This *symmetry correlation* between the spatial space and the spin space can be used for implementing a LLS.
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Thus, at low field and low temperature ($\documentclass[12pt]{minimal}
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Protected state via the electromagnetic field interaction {#Sec10}
---------------------------------------------------------

As mentioned before, the *E* subspace of three identical spins is decomposed into a product of two subsystems, $\documentclass[12pt]{minimal}
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We introduce an effective Hamiltonian that takes into account both the electric dipole allowed transition due to the interaction with the right circularly polarized $\documentclass[12pt]{minimal}
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                \begin{document}$$|\bar{1}\rangle \rightarrow - |\bar{1}\rangle $$\end{document}$. Given the logical gates, "*X*" and "*Z*", one has universal control over a single qubit \[[@CR1]\]. In the following, we now show implementing these logical gates is feasible.
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In summary, we propose to prepare a logical qubit in a methyl group encoded in spin and rotational degree of freedom. To choose the right molecule, we desire a symmetric top molecule, $\documentclass[12pt]{minimal}
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                \begin{document}$$X-CH_{3}$$\end{document}$, where the rotational barrier of the methyl group is in the intermediate regime, i.e., it is neither a free rotor nor a firm rotor. We also desire that the energy splitting between the $\documentclass[12pt]{minimal}
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                \begin{document}$$(n=0, \lambda =E_{\pm })$$\end{document}$ of the torsional space to be in the range of GHz. By thermal equilibration at cryogenic temperature (about 0.3 K if $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_{LLS}$$\end{document}$ is well populated. This step is at nearly zero magnetic field but if one desire to confirm that the LLS has been prepared, then one should rapidly warm up the system and transport it into a large magnetic field and measure the NMR spectrum. According to the previous studies \[[@CR15], [@CR16]\], one would expect to observe two peaks on the proton channel that have equal intensity and are anti-phase and observe four peaks on the carbon channel that have unequal intensities, but they are two by two anti-phase. To convert this LLS into the logical basis subspace, one can apply a circularly polarized microwave electric field that is tuned to be on resonance with the torsional ground state splitting. Given the dipole moment of the molecule, we control the intensity, the phase and the timing of the microwave field so that we implement an effective $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _{E_{-}, 0}$$\end{document}$ torsional states. To confirm that the logical states have been prepared, one can measure the NMR spectra once again by rapidly transporting to room temperature and high magnetic field. We expect to observe the same anti-phase peaks on the proton channel, but on the carbon channel we should see the signature of an initially prepared logical qubit. Particularly, the two peaks that are associated with $\documentclass[12pt]{minimal}
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                \begin{document}$$m=\pm \frac{3}{2}$$\end{document}$ on the carbon channel remain the same as that of the LLS, but the other two peaks that are associated with $\documentclass[12pt]{minimal}
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                \begin{document}$$m=\pm \frac{1}{2}$$\end{document}$ will not be anti-phase anymore. This indicates that the spin population is converted from the $\documentclass[12pt]{minimal}
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                \begin{document}$$|E_{\pm }, m=\pm \frac{1}{2}\rangle $$\end{document}$ states. The absolute value of the phase indicates whether we prepared the logical $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{+}$$\end{document}$ state) or the logical $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\bar{1}\rangle $$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{-}$$\end{document}$ state). In principle, any coherent superposition state, $\documentclass[12pt]{minimal}
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                \begin{document}$$|\psi \rangle = \cos \alpha \ |\bar{0}\rangle + \sin \alpha \ |\bar{1}\rangle $$\end{document}$, can be implemented by controlling the intensity and the phase of the microwave electric field.

For the realization of the above proposal, it is important to find a proper molecule. The proposed experiment demands a molecule whose rotational barrier is not neither extremely large, which has negligible rotational splitting, nor too low, which acts like a free rotor. Moreover, the ground state rotational splitting should be large enough such that a mK or even $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$K cooling initialize the system in the ground state of the rotational degree of freedom. Moreover, the molecule should have a reasonable dipole moment to interact with the electric field.

Conclusion {#Sec11}
==========

The presented work seeks for novel means of storing quantum information in the noise protected subspace of a group of identical spins. In particular, we investigated the symmetry of the spin degree of freedom and the rotational degree of freedom of methyl groups, respectively, and discussed the symmetry correlation between the two subspaces. That correlation has been used for creating classical states with long relaxation time, and in this report, we moved a step further to propose a scheme that uses this correlation for creating a logical qubit that is robust against collective noise. Our analysis provides a proof-of-principle experiment that relies on symmetry allowed transitions due to the interaction between the dipole moment of the molecule with a circularly polarized microwave field.

A logical qubit with long relaxation and coherence times can find application in magnetometry, sensing and for studying slow dynamics in NMR. If one is interested to use the above-described logical qubit for quantum computing purposes, one should think of implementing a two-qubit logical qubit as well (such as CNOT gate). One possibility is to consider a molecule that has two magnetically in-equivalent methyl groups. An example is ethane where only one of the carbons is labeled, making the two methyl groups individually addressable. One may take advantage of the rotation-rotation interaction between the two methyl groups to implement the two-qubit logical gate.

The main source of hindering potential depends on the molecule. For example, in case of ethane van der Waals interactions and hyperconjugation have been reported in the literature \[[@CR20]\] and \[[@CR21]\].
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